The Bethe-Salpeter equation in the diquark channel is investigated by employing the Dyson-Schwinger method together with the Munczek-Nemirovsky model. The novelty of our study is a resummation of completely-crossed ladder diagrams in the Bethe-Salpeter kernel. These diagrams are enhanced due to their color factors in the diquark channel, but not in the meson channel. As a result of our analysis, it is suggested that diquark bound-state solutions exist in the Bethe-Salpeter equation, which have been thought to be absent.
Introduction
One of the greatest challenges of particle physics is to understand the dynamics and mass spectra of hadrons in terms of Quantum Chromodynamics (QCD), and a concept of diquarks -quark-quark bound states -has been playing an important role towards these goals. For example, diquark-quark models of baryon [1] [2] [3] are used to reproduce the mass spectra, the decay rates, the magnetic moments, the ratio of the axial-vector coupling to the vector coupling, the charge radius, and the processes of deep-inelastic scattering [4, 5] . Another example is phenomenology of recently confirmed exotic hadrons X(3872), Z c (3900) ± , Z c (4020) ± , Z(4430) ± , etc. [6] [7] [8] [9] [10] . It is proposed that a diquark-antidiquark description of such exotic hadrons can explain observed properties of those states, especially the narrow width and decay properties [11] [12] [13] [14] [15] .
Meanwhile, a functional method using the Bethe-Salpeter (BS) equation with the DysonSchwinger (DS) equation has been considered to have no diquark bound-state solutions. In the case of mesons, a consistent scheme which preserves the Goldstone nature of pions is established for the extensively-used rainbow-ladder (RL) truncation [16] and its extension [17] [18] [19] , and the resulting BS eq. has bound-state solutions in both truncations. However, in the diquark channel of the BS equation, a certain kind of beyond-RL contributions have been found to remove the bound-state solutions [19] [20] [21] [22] , in contrast to the RL truncation [23, 24] .
In this paper, we suggest that the bound-state solutions exist in the diquark channel as well. To this end we employ the same QCD model as Refs. [19, 21, 22] , i.e., the Munzcek-Nemirovsky model [25] . The simplicity of this model enables one to take higher loop diagrams into the BS kernel [19, 21, 22, [26] [27] [28] [29] [30] , leading the previous studies to find that a crossed ladder diagram gives a large repulsive contribution in the diquark BS equation [19, 21, 22] . We point out that the crossed ladder diagram is not the one which gives the largest contribution to the BS kernel, and show that, adopting large-N limit as a criteria for the truncation [31] , the diquark BS eq. does have a bound-state solution. Although our calculation is based on a specific model with a specific truncation scheme, we believe that our result is at least a counterexample of the previous arguments that the BS eq. has no solutions in the diquark channel.
The organization of this paper is as follows. In Section 2, we introduce the DS eq. for quarks, and explain the model we adopt. Next in Section 3, we introduce the BS eq. for mesons and diquarks, and discuss the type of diagrams which give the leading contribution to the BS kernel. Our main analyses are presented in subsection 3.2 and 3.3. The numerical solutions of the BS eq. and interpretations of them are shown in Section 4, and the final section is devoted to conclusion.
Dyson-Schwinger equation
Dyson-Schwinger (DS) equations are functional relations [32, 33] which are derived from a functional change of variables in the path integral in a modern point of view. They include information on non-perturbative effects in principle, and provide us a useful way to study the infrared behavior of QCD. The DS eq. of the quark propagator takes the form
where S(p) is the dressed quark propagator, Σ(p) the quark self-energy, D µν the dressed gluon propagator, Γ µ the dressed quark-gluon vertex, m b the bare mass of the current quark, t a the generator of SU(3) C , the gluon momentum k = q −p, g is SU(3) C gauge coupling constant, and Z 1 and Z 2 are the renormalization factors of the quark-gluon vertex and the quark propagator, respectively. The general form of the dressed quark propagator is given as
The dependence on the renormalization scale ζ is omitted for simplicity. Here we use the Euclidian metric and the gamma matrices satisfy {γ µ , γ ν } = 2δ µν . The dressed quark propagator is renormalized by the following condition,
where m 0 (ζ) is the current quark mass at the scale ζ. Equation (1) becomes a self-consistent equation of the quark propagator S(p) when Γ ν (p, q) and D µν (k) are modeled as some known functions of p, q, k and S(p). This method can realize large quark mass at low energy, which is considered to be a consequence of the dynamical chiral symmetry breaking [16, 25, 34, 35] .
In this paper, we adopt the Munczek-Nemirovsky model [25] ,
where G = η 2 /4 is a dimensionful parameter which determines the scale of this model. In addition, the projection operator (δ µν − k µ k ν /k 2 ) becomes 3 4 δ µν due to the spherical symmetry of the model. In this model, the 3-point vertex of gluon vanishes because of its derivative (6) ( (18), (26) with n = 6). The vertical axis is nondimensionalized by η. The solutions for n = 3, 4, 5 in (26) comes between the red and yellow lines. See Appendix B for details.
coupling property, but the 4-point vertex still remains.
Here and in what follows we simply neglect the contribution from the gluon 4-point vertex. We take the renormalization scale ζ to be large enough (ζ ≫ 1 GeV), and we can set the renormalization constants to 1 and need not to specify the regularization scheme in the practical calculation since the model has no UV divergence. The dimensionful parameter η can be fitted to reproduce the observed mass spectrum well, and the value η ≃ 1 GeV is found to satisfy this requirement [25] . The δ-function behavior in Eq. (5) is considered to be a realization of the property of hadrons dominated by the infrared dynamics of quarks and gluons inside them. Here the infrared region means the energy scale smaller than G ≃ (0.5 GeV) 2 .
In the Munczek-Nemirovsky model, the self-consistency equation becomes simple algebraic equations of A and B, and thus can easily be solved once the self-energy Σ(p) is specified. One choice is the rainbow-ladder (RL) truncation,
where the integration with respect to the loop momentum can easily be performed due to the δ-function. The quark propagator function A and B are evaluated by solving Eq. (1) with the self-energy Eq. (6), and the results are plotted in Figure 1 . We take the current quark mass to be m 0 = 0.012 × η [GeV] in the plot, which is consistent with previous studies. With this choice, we obtain reliable masses of pion and rho meson if we set η ≃ 1 GeV (see Table 1 ). More precise parameter fitting is possible but is beyond our scope, hence we use this value for the current quark mass unless mentioned explicitly in the following calculations.
Bethe-Salpeter equation
Bethe-Salpeter (BS) equation has been the central tool to investigate bound states in terms of quantum field theory since its birth [36, 37] . It is a functional relation between four-point correlation functions, and when we regard their residues as bound-state poles, the BS eq. becomes homogeneous equation with respect to a certain function -BS amplitude. The homogeneous BS eq. takes the following form:
where p and P are the relative momentum and the total momentum of the system, respectively, Γ(P, p) is the BS amplitude and K(P, p, k), the BS kernel, isscattering kernel which is twoparticle-irreducible [38] with respect tolines, and we define ∀ l ± ≡ l ± P/2. The flavor, Dirac and color indices are omitted in Eq. (7) for simplicity. Note that the way to contract these indices depends on whether the bound state is meson or diquark. Figure 2 is a diagrammatic expression of the homogenous Bethe-Salpeter equation in the diquark channel.
In the Munczek-Nemirovsky model, the BS amplitude is a function of only P because the momentum transfer by gluons is zero, and its general form for the pseudoscalar meson channel is
while for the vector meson channel
where ǫ λ µ (λ = −1, 0, +1) is the polarization four-vector and σ µν = [γ µ , γ ν ]/2. Substituting these into Eq. (7), one obtains a 2 × 2 matrix eigenvalue equation
and a similar equation for the vector channel. Note that there is no remaining integral due to the δ-function in Eq. (5). In order for Eq. (10) to have a nontrivial solution, the following condition
with I being the 2 × 2 unit matrix must be satisfied. Conversely, if Eq. (11) holds for a certain value of P 2 = −m 2 < 0, then the BS eq. has a bound-state solution and the pole mass of the state is given by m. We treat Eq. (11) as an equation of one variable P 2 , and investigate whether it has a solution or not.
To evaluate the LHS of Eq. (11), one has to specify the diagrams taken into the kernel K. In the case of mesons, it is known that a consistent scheme for the DS and BS kernels exists which automatically preserves the axial-vector Ward-Takahashi identity and keeps the Goldstone nature of the resulting pion mass [16, 17, 19] . In this construction, the BS kernel is determined to be the sum of the terms with one of the quark propagators in the self-energy (2) replaced by and with all the other quark propagators in the left (right) to the replaced one substituted by S + (S − ). Here we defined S ± = S(±P/2). Following this scheme, one of the frequentlyadopted methods is to determine the self-energy (2) by the coupling expansion, and determine the diagrams in the BS kernel by Eq. (12). On the other hand, no such symmetry is known for the diquarks. This means that the BS kernel does not necessarily have a correspondence to the DS kernel like Eq. (12) .
In the subsection below, we examine the coupling expansion in both meson and diquark channels following previous studies. This enables us to infer the kind of diagrams -completely crossed diagrams -which most affects the diquark bound-state solutions. Adopting a truncation scheme which takes these diagrams into account, we will see that the coupling expansion is unreliable in determining the existence of diquark bound-state solutions. Then we show that the resummation of all the completely-crossed ladders, rather than the coupling expansion, leads to diquark bound-state solutions.
Bound-state solutions up to
We begin with O(G). The truncation of this order is called rainbow-ladder (RL) truncation. Applying the prescription (12) to the quark self-energy shown in Eq. (2), we have the following BS eq. for flavor non-singlet mesons
The BS kernel of Eq. (13) is equal to the one obtained by the coupling expansion at this order. The diquark BS eq. with the leading contribution to the BS kernel is
Here some comments are in order for the diquark BS equation. The diquark BS amplitude has color indices due to its color non-singlet nature. For example, the diquark BS eq. with this truncation becomes
where T denotes transposition, i, j, k, l are color indices running form 1 to 3, a is an adjoint index running form 1 to 8. The Dirac matrices S + , γ µ and the color matrix t a are transposed in order to contract two quark lines correctly. The scalar diquark BS amplitude is expressed as #1
where ǫ ijk is the antisymmetric tensor and C = γ 2 γ 4 is the charge conjugation matrix. It satisfies
Substituting Eqs. (16) into Eq. (15) and using Eq. (44), (17), we obtain Eq. (14) . We can set up the determinant equations for mesons and diquarks following the procedure (8)-(11) using the quark DS eq. with the self-energy (6) . At this order both BS eqs. have bound-sate solutions, and we summarize the resultant masses in the first column of Table 1 as π, ρ and d(A). In addition, we plot the behavior of the LHS of Eq. (11) for diquarks in Figure 4 , which actually shows that the line has an intersection with the horizontal axis. Note that the expression of the diquark BS eq. (14) has the same form as the meson one (13) except for the factor 1 2 . In general, the orders of S + , S − , γ µ appearing in the meson and diquark BS eq. coincide at any order.
Next let us see O(G 2 ). The quark self-energy is given by
With the substitution (12), the meson BS eq. becomes
Notice that there are three O(G 2 ) terms, since the replacement Eq. (12) is applied to the three quark propagators in Eq. (18) . The diagrammatic expression of the consistent combinations of the self-energy part of DS eq. and the meson BS kernel is shown in Figure 3 . Again, at this order, the BS kernel of Eq. (19) is found to be the same as the one obtained by the coupling expansion. The diquark BS eq. at this order becomes
Solving the determinant equation (11) with the quark propagator calculated by Eq. (1) using the self-energy Eq. (18), one finds that the bound-state solutions for both pseudoscalar and vector mesons still exist. The resulting masses of these particles are listed in the second column of Table 1 as π and ρ. In both channels, the difference between the RL truncation (13) and the O(G 2 ) truncation (19) is less than 10 %, and one can see that these masses are rather stable against the coupling expansion. In contrast, one finds that the bound-state solutions for diquarks disappear [19] . To see the disappearance of the solution, the value of the determinant (11) calculated using Eq. (20) is plotted in Figure 4 , where the plotted line has no intersection with the horizontal axis.
#1 Since color-symmetric (6) diquarks do not form bound states even in this truncation, we consider only color-antisymmetric (3) diquarks in this paper. Here note that there is ambiguity about which truncation scheme in the quark self-energy should be used for diquarks, Eq (6) or Eq. (18), because unlike the meson case, no symmetry relates the quark DS eq. and the diquark BS kernel. However we confirmed that the disappearance of the diquark bound-state solution happens with both quark propagators, therefore we do not discuss the quark DS eq. here. In fact, as we show later, all the results below are qualitatively independent of the choice of the truncation used in the quark DS eq. as far as we use the quark propagators listed in this paper.
Where does the qualitative difference between mesons and diquarks come from? Recall that the bound-state solution is present for mesons at this order. The only difference in Eq. (19) and Eq. (20) is the factors on each term, especially that of the second term of O(G 2 ). This term comes from the crossed-ladder diagram, which can be considered to give a repulsive effect. In order to check that, we solve the quark BS eq. taking only the crossed-ladder term in O(G 2 ) into accout
and obtain qualitatively the same result. Note that the enhancement of the crossed ladder diagram is not peculiar to O(G 2 ). To see this, let us see the color factors of (crossed) ladder diagrams at O(G n ). The ladder diagram for the meson channel has a factor (see Appendix A)
whereas the completely-crossed ladder diagram has
in large-N limit. The enhancement of the ladder diagrams and the relative suppression of others including the completely-crossed ladder diagrams provide one ground for the RL approximation. On the other hand, the ladder diagram for the diquark channel has
where ǫ is a symbolic expression of the antisymmetric tensor ǫ ijk . What we find from these calculations is that the crossed-ladder contributions are not perturbations in the case of the diquark BS equation. This fact indicates the possibility that an inclusion of higher order terms of this type changes the result again. First we investigate the effect of the completely-crossed ladder diagrams on the meson BS eq. beyond O(G 2 ) for comparison with that on the diquark BS equation. In order to realize both the inclusion of the completely-crossed ladders and the symmetry preserving scheme explained in Eq. (12), we choose the self-energy of the quark DS eq. to be
and Figure 5 is a diagrammatic expression of it. Then the replacement (12) determines the BS kernel. At O(G n ), there are 2n − 1 corresponding terms in the BS equation, and we can solve the BS eq. in exactly the same way as in the previous subsection. We put actual calculation in Appendix B. The results up to O(G 6 ) are summarized in Table 1 , which shows the effect of the completely-crossed ladders is insignificant in the meson channel. Next we investigate the diquark BS eq. with the completely-crossed ladder diagrams. It has a form
with
Similar to what we have done in O(G 2 ) case, there are some options for the quark self-energy. In order to investigate the truncation dependence, we try two schemes Eqs. (6) and (26) for the quark self-energy, and call them Scheme A and B, respectively. The determinant (11) for these diquark BS eqs. are plotted in Figure 4 up to O(G 6 ), and the bound-state masses (if the solution exists) are summarized in Table 1 . As discussed in the previous subsection, the bound-state solution present in O(G) truncation (the RL truncation) disappears at O(G 2 ). However, it revives at O(G 3 ) and somehow persists up to O(G 6 ). In Figure 4 , one finds that the behavior of the determinant (11) at time-like region changes qualitatively as the order of G increases, especially that the sign of the gradient changes alternately. We try taking account of other diagrams in the diquark BS kernel by imitating the meson BS kernel constructed below Eq. (26), and obtain qualitatively the same result. From the enhancement of the color factors discussed in Eqs. (22)- (25) and the results displayed above, it is indicated that the origin of instability against the coupling expansion in the diquark BS eq. is the completely-crossed ladder diagrams.
Resummation of the completely-crossed ladder diagrams
As we see in the previous subsection, the coupling expansion seems not to be valid in the diquark BS kernel due to their enhanced color factors in the completely-crossed ladder diagrams. Since the completely-crossed ladders are found not to be perturbations, we perform a resummation of these diagrams in the diquark BS kernel. Note that all of these diagrams are the leading contribution in light of the 't Hooft limit [31] , namely, large-N limit with G =G/N . Therefore, our resummation can be regarded as a truncation with respect to the 't Hooft limit.
The basis for the BS kernel is spanned by 16 elements, which we choose as follows:
where
Other elements than those shown here (e.g. γ µ γ ν γ ρ γ σ ⊗ γ µ γ ν γ ρ γ σ ) can be expressed by the ones shown here, as proven in Appendix C. Here
, where α 1 , α 2 , β 1 , β 2 are Dirac indices. Note that the Lorentz indices are contracted between the upper (u I ) and lower (l I ) halves of the basis, since both are connected by gluon lines, which are effectively proportional to δ µν . Also note that the only momentum appearing above is P , the total momentum of the diquark, since the gluon momentum vanishes in the present model. We define K n as the completely-crossed diagram in the diquark channel, with n gluon lines propagating between two quark propagators. Then our choice of BS kernel is K = ∞ n=1 K n (see Figure 6 ). Let us factorize K n as K n = (−G) n ( are taken into account at the end of the calculation. We can relateK n+1 toK n by one-gluon crossing, the effect of which can be expressed by an operator R: Now let us expandK n asK
where α n,I are coefficients of each basis b I . For example,
The operation of R on each basis b I is expressed as
where the factor (−1) comes from the charge conjugation explained in Eq. (17) . Defining the recursion matrix R by #2
the recursion relation between K n and K n+1 gives
Note that the matrix R is a function of A(s/4), B(s/4) and s = P 2 . The explicit form of the matrix R IJ is shown in Table 2 . The coefficient vector α n becomes
and thus the sum K of the completely-crossed diagrams is given by
where we used the color factor shown in Eq. (44).
Numerical results & discussion
After the resummation of the completely-crossed ladder diagrams, the diquark BS eq. actually has a bound-state solution. Figure 7 is a plot of det(I − H(P 2 )) in the scalar diquark channel as a function of P 2 for various current quark mass m 0 . The figure shows that the BS eq. does have solutions of det(I − H) = 0. This is the main result of our study. We observe similar behavior in the axial-vector diquark channel, and the resulting masses are summarized in Figure 8 . The axial vector diquarks tend to be heavier than the scalar diquarks, which is consistent with other studies [23, 24, [39] [40] [41] .
There are two subtleties in our calculation that have to be discussed. One is the ambiguity of the truncation scheme of the quark self-energy, as we have mentioned repeatedly in the previous section. We check that the existence of bound-state solutions is unchanged under different truncation schemes for the DS equation, although the values of bound-state masses change. The results in Figure 7 and Figure 8 are calculated with the quark self-energy Eq. (6), since it is the leading term in the 't Hooft limit. The other is the space-like poles appearing when the current quark mass is m 0 0.1 × η [GeV]. We do not reach any conclusion about this pole at this stage, but there is a possibility that other QCD model or truncation scheme solve this problem.
We would like to note that the presence of the diquark bound state does not contradict its confined nature. In the previous studies [19, 21, 22 ] the absence of diquark bound states is regarded as a realization of confinement. This argument is based on a fact that correlation functions without one-particle poles do not contribute to the S-matrix. However, there is another realization of confinement based on the BRST quartet mechanism [42] , in which it is proven that under a certain condition color non-singlet states are also BRST non-singlet states, and hence they do not appear in the physical Hilbert space. Therefore, if quarks are confined by this mechanism, then diquarks are confined simultaneously.
Our result that the diquark BS eq. has a bound-state solution gives a natural explanation to phenomenologically successful diquark constituent models: first two of three (or four) quarks form a bound state and can be treated as a one-particle state. However, we should note that #2 In the practical calculation, we define an inner product I among bI 's as the absence of bound-state solutions to the diquark BS eq. itself does not contradict to these models. What we have investigated in this paper (and in other papers about the diquark BS eq.) is merely a pure two quark system, after all. There is a possibility that more complex dynamics happening inside hadrons makes two quarks bound even if their pure BS eq. has no bound-state solutions.
We also comment on our interpretation of the completely-crossed ladders. In weakly bound systems like hydrogen atom, the constituent particles (proton and electron) can be regarded as nearly on-shell, and the leading effect of exchange of photon becomes instantaneous interaction. In this case the completely-crossed diagrams of higher orders require the constituent particles to become off-shell by the energy-momentum conservation, which leads to suppression of these effects [43] . However, in the case of diquarks and mesons, a naive application of above discussion is impossible because the on-shellness of quarks inside them are no longer meaningful. This interpretation is valid if the current masses of quarks are small. The reason why the coupling expansion of the meson BS kernel is successful may be the suppression of the color factor discussed around Eqs. (22)- (25) . To summarize, we suppose that the completely-crossed ladders can be neglected when the constituents are regarded as nearly on-shell (hydrogen atom) or when their coefficients are suppressed (meson), and diquark is an exception of both cases.
Conclusion
The diquark Bethe-Salpeter equation with the Munzcek-Nemirovsky model is investigated. We find that the contributions of completely-crossed ladder diagrams in the diquark channel affect the behavior of the Bethe-Saelpeter kernel significantly, in contrast to the meson channel. We perform a resummation of all the completely-crossed ladder diagrams in the Bethe-Salpeter kernel. As a result, we find that diquark bound-state solutions exist. Although the resulting diquark masses are far from a reliable prediction at this stage, the presence of the bound-state solution is rather stable against variations in the parameter values and truncation schemes.
A Color Factors
The basic formula is
where (t a ) ij is the generator of SU(N ) in fundamental representation. In the meson channel, the ladder diagrams have a factor
whereas the completely-crossed ladder diagrams have
The ladder diagrams in the diquark channel have a factor
B Practical expressions of the DS and BS eqs. in the coupling expansion
Here we present concrete expression of equations used in Section 3. The DS eq. with the quark self-energy (26) becomes a pair of self-consistency equations,
where s = p 2 with A(s) and B(s), and the coefficients a
are summarized in Table 3 . The solutions of these equations are plotted in Figure 1 for the cases of up to O(G), O(G 2 ) and O(G 6 ).
In Section 3, we see that the problem of whether a homogenous BS eq. has nontrivial solutions or not reduces to a problem of whether a determinant equation (11) has solutions or not. The matrices we used in that section are expressed as
in the meson case, and n,(i,j),k are summarized in Table 4 . The values of det(I − H) calculated using above matrices are plotted in Figure 4 . C Comment on the number of the independent bases
The following four elements made of / P and γ's in Eq. (31) γ µ γ ν γ ρ γ σ ⊗ γ µ γ ν γ ρ γ σ , γ µ γ ν γ ρ γ σ ⊗ / P γ µ γ ν γ ρ γ σ , / P γ µ γ ν γ ρ γ σ ⊗ γ µ γ ν γ ρ γ σ , / P γ µ γ ν γ ρ γ σ ⊗ / P γ µ γ ν γ ρ γ σ , may seem independent of the other 16 elements in Eq. (31), but these are not since the following equation holds:
γ µ γ ν γ ρ γ σ ⊗ γ µ γ ν γ ρ γ σ = − 16 P 2 / P γ µ ⊗ / P γ µ + 4γ µ γ ν ⊗ γ µ γ ν + 4 P 2 / P γ µ γ ν γ ρ ⊗ / P γ µ γ ν γ ρ .
To check this, note that Eq. (51) is rewrriten as
This is equivalent to
for an arbitrary hermitian 4 × 4 matrix M , which can be expanded by γ µ 1 ...γ µn . One can readily check that the second parentheses of Eq. (53) vanishes when n is odd, while it is proportional to δ αβ when n is even and vanishes after multiplied by the first parenthesis.
